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数 (EALA)在文献 [1]中被引入,文献 [2, 3]等对这类李代数进行了较为系统地研
究.已经有很多 EALA的例子,比如 toroidal李代数,量子环面李代数, TKK李代
数等,被数学家们进行了广泛的研究,参见文献 [4–9]等.
半格的概念是由文献 [2] 在研究高维仿射根系 (EARS) 时引入的. 记 e1 =
(1, 0)和 e2 = (0, 1)为欧式空间 R2中的单位向量,且 Si, i = 0, 1, 2, 3,为 2Z2在 Z2
中的四个陪集,即
S0 = 2Z2, S1 = e1 + 2Z2, S2 = e2 + 2Z2, S3 = e1 + e2 + 2Z2.
则在相似意义下, R2 中的最小半格为 S = S0 ∪ S1 ∪ S2. 由 [2] 知, 从半格 S 出
发, 我们可以构造一个 Jordan 代数 J (S). 然后利用该 Jordan 代数 J (S), 通过
Tits-Kantor-Koecher构造法,我们可得到一个李代数
G(J (S)) := (sl2(C)⊗ J (S))⊕ Inder(J (S)),
其中 sl2(C)是复数域 C上三维单李代数, Inder(J (S))是 Jordan代数 J (S)的内
导子的集合.李代数 G(J (S))的泛中心扩张被称为 baby TKK李代数 Ĝ(J (S)).
谭绍滨在文章 [9]中研究了 baby TKK李代数 Ĝ(J (S))的结构并构造了它的一个
顶点算子表示.
李代数的 presentation 问题一直受到大家的广泛研究. 比如, V. Kac 和 R.V.
Moody利用广义 Cartan矩阵,有限个生成元和生成关系构造了一个辅助李代数,
再模去辅助李代数的与其 Cartan子代数平凡相交的极大理想之后,就得到了著名
的 Kac-Moody李代数. 而对可对称化的广义 Cartan矩阵,这个 presentation可以
利用 Serre关系来刻画. 进一步地,无扭仿射 Kac-Moody李代数可以通过 loop代
数的一维中心扩张得到. 另外,肖杰等 [10]利用有限维结合代数表示论也给出了
可对称化 Kac-Moody代数的一个 presentation. 对于 toroidal李代数, Moody等给
出了至少两个 presentations. 最近,林亚南等 [11]利用代数表示论得到了部分 2-
toroidal代数的 presentation.本文在第 2章中研究了 baby TKK代数的 presentation
问题,给出 baby TKK代数的三种 presentation. 第一种 presentation的给出受启发
于 [4, 5],这种 presentation粗略地可以看成是两个 A1 型仿射 Kac-Moody李代数
的耦合.第二种 presentation是单李代数 sl2(C)和李代数 im的合并李代数,其中














型仿射 Kac-Moody李代数的导出子代数 s̃l2(C)′ 和一个 Oscillator李代数的合并
李代数.
Baby TKK代数 Ĝ(J (S))有两个自然的度导子 d1和 d2. 定义扩张 baby TKK
代数 L为 baby TKK代数和 2维向量空间 Cd1 ⊕ Cd2的半直积李代数,即
L = Ĝ(J (S))o (Cd1 ⊕ Cd2).
扩张 baby TKK代数 L有一个 5维的自中心的交换子代数,即 Cartan子代数.
可积表示是一类非常重要的表示. 对于有限维单李代数,不可约可积表示就
是它们的有限维不可约表示. E. Cartan通过分情形讨论的方式证明了有限维复单
李代数上的有限维不可约模是与支配整权一一对应的. 稍后, C. Chevalley [12]和
Harish-Chandra [13]给出了一个纯代数的证明.
对于仿射 Kac-Moody代数,其可积表示受到大家的广泛研究. J. Lepowsky和
R.L. Wilson 在文献 [14] 中通过一些具有无穷多个变量的微分算子构造了最简
单的 A1 型仿射 Kac-Moody李代数的基本表示 (basic representation),并且后来与
V.G. Kac和 D.A. Kazhdan合作将这种构造推广, 得到了所有 A, D, E 型的仿射
Kac-Moody李代数的基本表示 [15]. 后来, V.G. Kac和 I.B. Frenkel在 [16]中构造
出了 A, D, E 型仿射 Kac-Moody李代数的基本表示的齐次顶点算子实现. Segal
也独立地给出了上述顶点算子的实现 [17]. Garland注意到这些微分算子与物理
学家在“Dual Resonance Theory”中用到的“顶点算子”有相似之处. 由此,人
们发现“顶点算子”和“微分算子”其实是一致的.
J. Lepowsky 和他的合作者们也考虑了仿射 Kac-Moody 李代数的高水平
(high level)的表示,参考文献如 [18–20]等. 事实上,这些表示都是可积表示. 在
1986年和 1987年 V. Chari和 A. Pressley发表了文章 [21–23]. 在这几篇文章中,
他们研究了无扭仿射 Kac-Moody 代数上的不可约可积表示. 首先, V. Chari 在
[21]中证明了对于一个仿射 Kac-Moody代数 L̂(g)上的一个不可约可积模 V ,中
心元 c的作用总是一个整数. 然后她证明了 V 一定同构于下面的某种模: (1)最
高权模 (c的作用大于 0时); (2)最低权模 (c的作用小于 0时); (3) loop模 (c的作
用等于 0时). 然后他们在 [22]中利用张量模实现了所有的 loop模. 同时,他们还
研究了 loop模的酉性.
文章 [8, 24]研究了多重 loop李代数和 toroidal李代数的可积表示. 我们在第














的,记为 CC1 ⊕ CC2. 我们对扩张 baby TKK代数上满足 C1 作用非平凡而 C2 作
用平凡的不可约可积模进行了分类. 我们首先证明了在扩张 baby TKK代数的不
可约可积模上 2C1 和 2C2 的作用都是整数. 然后得出 C1 作用大于零的不可约可
积模 (C2 的作用为 0)都是最高权模,而 C1 作用小于零的不可约可积模 (C2 的作
用为 0)都是最低权模. 在这章,我们也给出了 L上最高权模为可积的条件.
在文章 [25]中, Feingold和 Frenkel利用 boson场和 fermion场构造了典型仿
射 Kac-Moody李代数的表示. 类似于这种构造方法, 郜云在文献 [26]中给出了
由量子环面作为坐标环面的高维仿射李代数 ˜glN(Cq)的一类不可约表示. 受到
他们的工作及文章 [22]的启发,我们第 4章利用具有无穷生成元的Weyl代数和
Clifford代数构造了扩张 baby TKK代数上的一类不可约表示. 我们同时研究了
这些模的酉性. 最后给出了扩张 baby TKK代数 L的所有不可约可积最高权模的
一个实现.




























As natural generalizations of finite-dimensional simple Lie algebras and affine
Kac-Moody Lie algebras, the extended affine Lie algebras (EALA) were introduced
by [1] in 1990. EALA’s have been systematically studied by [2, 3]. There are many
examples of EALA’s, such as toroidal Lie algebras, Lie algebras over quantum torus,
TKK Lie algebras, studied by [4–9], and among others.
The concept of semi-lattice was introduced by [2] in order to study the extended
affine root systems (EARS). Denote the unit vectors in the Euclidean space R2 by e1 =
(1, 0) and e2 = (0, 1) and also denote the 4 cosets of 2Z2 in Z2 by Si, i = 0, 1, 2, 3, that
is
S0 = 2Z2, S1 = e1 + 2Z2, S2 = e2 + 2Z2, S3 = e1 + e2 + 2Z2.
Then, up to similarity, the smallest semi-lattice in R2 is given by S = S0 ∪ S1 ∪ S2.
By [2], we know that, starting from the semi-lattice S, one can construct a Jordan
algebra J (S). Then by the Tits-Kantor-Koecher construction, we obtain a Lie algebra
as follows
G(J (S)) := (sl2(C)⊗ J (S))⊕ Inder(J (S)),
where sl2(C) is the 3-dimensional simple Lie algebra over the complex field C and
Inder(J (S)) is the set of the inner derivations of the Jordan algebra J (S). The uni-
versal central extension of the Lie algebra G(J (S)) is often called the baby TKK al-
gebra and denoted by Ĝ(J (S)). S. Tan studied the structure of the baby TKK algebra
Ĝ(J (S)) and constructed a vertex operator representation for it in paper [9].
The problem of presentations of Lie algebras has been studied extensively. For ex-
ample, for generalized Cartan matrices, V. Kac and R.V. Moody constructed auxiliary
Lie algebras by finitely many generators and defining relations. Then the well-known
Kac-Moody algebras are realized as the quotient Lie algebras of the auxiliary Lie al-
gebras by a maximal ideal intersecting their Cartan subalgebras trivially. Especially,
for a symmetrizable generalized Cartan matrix, this presentation can be described by
the Serre’s relations. Furthermore, the untwisted affine Kac-Moody algebras can also
be realized as the one-dimensional central extensions of loop algebras. In addition,
J. Xiao et al [10] obtained a presentation for the symmetrizable Kac-Moody algebras
by using the representation theory of finite-dimensional associative algebras. For the














Lin et al [11] obtained a presentation of the toroidal Lie algebras by using the represen-
tation theory of associative algebras. We will study the presentations of the baby TKK
algebra in Chapter 2 of this thesis. The first type presentation is motivated by [4, 5].
This presentation can be roughly regarded as the coupling of two affine Kac-Moody Lie
algebras of type A1. The second type presentation is defined as the amalgamation Lie
algebra of the simple Lie algebra sl2(C) and the Lie algebra im, where im is isomorphic
to the Lie subalgebra generated by the imaginary root spaces of the baby TKK algebra
Ĝ(J (S)). Our third presentation is given by the amalgamation Lie algebra of the affine
Kac-Moody Lie algebra s̃l2(C)′ and an Oscillator Lie algebra.
Baby TKK algebra Ĝ(J (S)) has two natural degree derivations: d1 and d2. The
extended baby TKK algebra L is defined to be the semi-direct product Lie algebra of
the baby TKK algebra and the 2-dimensional vector space Cd1 ⊕ Cd2:
L = Ĝ(J (S))o (Cd1 ⊕ Cd2).
The extended baby TKK algebra L has a 5-dimensional Cartan subalgebra.
The integrable representations give a very important class of representations of
Lie algebras. For finite-dimensional simple Lie algebras, the irreducible integrable
representations are the finite-dimensional irreducible representations. E. Cartan showed
that the finite-dimensional irreducible representations of a finite-dimensional simple
Lie algebra are in one to one correspondence to the dominant weights. Later on, C.
Chevalley [12] and Harish-Chandra [13] gave a purely algebraic proof.
For affine Kac-Moody algebras, the integrable modules are studied extensively in
the past 40 years. In [14], J. Lepowsky and R.L. Wilson obtained a basic representation
for the affine kac-Moody algebra of type A1 by using differential operators in infinitely
many variables. This construction was generalized by them along with V.G. Kac and
D.A. Kazhdan to simply-laced affine Kac-Moody algebras in [15]. Afterwards, in [16],
V.G. Kac and I.B. Frenkel obtained the homogeneous constructions of the basic rep-
resentations for all simply-laced affine Kac-Moody algebras. Independently, in [17],
Segal gave the same constructions. Garland noticed that these differential operators are
similar to the vartex operators in the Dual Resonance Theory in physics. Then, it is
known that the vertex operators and the differential operators are in fact the same.
J. Lepowsky and his collaborators considered the higher level representations of
affine Kac-Moody algebras as well, see [18–20], etc. Actually, these representations














irreducible integrable representations of affine Kac-Moody algebras. In [21], V. Chari
proved that, in any irreducible integrable module V of an affine Kac-Moody algebra
L̂(g), the action of the central element c is a constant integer. Then the author showed
that V is isomorphic to one of the following three kind modules: (1) highest weight
modules (when the action of c is positive); (2) lowest weight modules (when the action
of c is negative); (3) loop modules (when the action of c is trivial). Then in [22], the
loop modules were realized by using the tensor modules. Meanwhile, they also studied
the unitarizability of the loop modules.
Rao studied the integrable representations of multi-loop Lie algebras and the
toroidal Lie algebras in [8, 24]. We will study the integrable representations of the
extended baby TKK algebra in Chapter 3. The center of the extended baby TKK alge-
bra is 2-dimensional, denoted by CC1 ⊕ CC2. We classify the irreducible integrable
L-modules satisfying that 2C1 acts non-trivally and C2 acts trivially. We first show
that, in any irreducible integrable L-module, the actions of 2C1 and 2C2 are integers.
Then we show that the irreducible integrable L-modules satisfying that 2C1 acts as a
positive integer and C2 acts trivially are highest weight modules, while the L-modules
satisfying that 2C1 acts as a negative integer and C2 acts trivially are lowest weight
modules. We also determine the conditions of the highest weight modules over L to be
integrable.
In [25], Feingold and Frenkel constructed some representations of the classical
affine Kac-Moody Lie algebras by using bosonic and fermionic fields. Similarly, in
[26], Y. Gao constructed a class of irreducible modules for the extended affine Lie
algebras ˜glN(Cq). Motivated by these results and the paper [22], in Chapter 4, we
construct a class of irreducible modules for the extended baby TKK algebra by using
the Weyl algebra and the Clifford algebra in infinitely many generators. We also study
the unitarizability of these modules. Finally, we realize all of the irreducible integrable
highest weight modules for the extended baby TKK algebra L.
Key Words: Baby TKK algebra, extended affine Lie algebra, Jordan algebra, inte-
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